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Abstract 

We derive the BPS equations satisfied by lump solitons in (2+ l)-dimensional sigma 
models with toric 8-dimensional hyper-Kahler (HKg) target spaces and check they 
preserve ^ of the supersymmetry. We show how these solitons are realised in M 
theory as M2-branes wrapping holomorphic 2-cycles in the E^'^ x HKg background. 
Using the K-symmetry of a probe M2-brane in this background we determine the 
supersymmetry they preserve, and note that there is a discrepancy in the fraction of 
supersymmetry preserved by these solitons as viewed from the low energy effective 
sigma model description of the M2-brane dynamics or the full M theory. Toric HKg 
manifolds are dual to a Hanany-Witten setup of D3-branes suspended between 5- 
branes. In this picture the lumps correspond to vortices of the three dimensional 
A/" = 3 or A/" = 4 theory. 
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1 Introduction 



In the absence of background field strengths, the dynamics of branes with vanishing 
worldvolume gauge fields embedded in a (Z) + l)-dimensional spacetime with coordinates 
and metric Gmn is governed by the Nambu-Goto action 

S=- j rfP+V V-detfl. (1) 

Here (T^ (/i = Q,...,p) denote the worldvolume coordinates, g is the pull-back of the 
spacetime metric onto the worldvolume and the brane tension has been set to 1. It is 
often convenient to fix the worldvolume diffeomorphism invariance by setting 

X^'{a) = a" . (2) 

We take the metric Gmn to be the direct product of the flat metric ry on the worldvolume 
and a metric Gab {A., B = p+1, . . . ,D) on the Riemannian space transverse to the brane. 
The induced metric becomes 

9^.. = V^.. + d^X^d^X'^GAB . (3) 

Ignoring a constant term related to the mass of the brane, the Lagrangian C in (1) can 
be expanded to give the sigma model Lagrangian density: 

£ « ^rj^^'^d^X^d^X^GAB + O {{dXf) . (4) 

We therefore obtain the result that the low energy 'non-relativistic' fluctuations of a p- 
brane are governed by a l)-dimensional sigma model which describes the embedding 
of the brane in its transverse space, where the sigma model fields X"^ are these transverse 
coordinates^. 

In [2], the lumps, kinks and Q-kinks of sigma-models with a four dimensional hyper- 
Kahler (HK4) target space were found to be realised in M theory as intersecting M2-branes 
in a KK-monopole background and dimensional reductions of this configuration. In that 
case the sigma model describes the fluctuations of one of the two M2-branes and the other 
M2-brane appears in the worldvolume theory of the former as a lump-membrane. This 
background was chosen because a consistent supersymmetric sigma model can have at 
most 8 supersymmetries. The KK-monopole halves the 32 supersymmetries of M theory 
and then the M2-brane on which the sigma model is defined, and which describes its 
vacuum, halves this again to 8. The approach was extended in [3] and [4], where new 
static and stationary sigma model solitons were found and their corresponding realisations 
in M theory studied. 

The aim of this paper is to study another class of sigma models with relevance in 
M theory, namely Af = A (2 + l)-dimensional sigma models with an eight dimensional 
hyper-Kahler (HKg) target space. We start in section 2 by presenting a brief introduction 
to toric HKg manifolds. We use an explicit form of the metric for these manifolds which 
includes a parameter A, such that for A = the HKg manifold degenerates into the direct 
product HK4 X HK4. In section 3 we study a (2+l)-dimensional sigma model with an HKg 
manifold as a target space. We describe a consistent truncation that can be performed 
on such a model that yields a 4-dimensional Kahler manifold as the "new" target space. 
We obtain the first order Bogomol'nyi equations satisfied by lumps by using the standard 
procedure of writing the energy density as a sum of squares plus a topological term. We 
also check the fraction of supersymmetry preserved by the lumps. In section 4 we proceed 

^For a more detailed treatment see [1]. 
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A = 


At^O 


Sigma model 


Vacuum 


8 


8 




Luuip - 2 a(:t,i\"(> fields 


4 


4 




Lump - 4 active fields 


4 


4 


M theory 


Vacuum 


8 


6 




Lumi) - 2 act,i\"(> fields 


4 


no solution 




Lump - 4 active fields 


2 


2 



Table 1: We exhibit the supersymmetries of the vacuum theories and those preserved by 
solutions to the lump equations in both the sigma model and the full M theory, for the 
generic HKh manifold (A 7^ 0), and for the degenerate case when the HKg manifold is the 
direct product HK4 x HK4 (A = 0). 

to study the M theory picture. In order to do this we chose to examine a probe M2-brane 
in a E^'^ x HKs baclcground which is a solution to 11-dimensional supergravity. First 
of all we find that for the generic case A 7^ 0, the vacuum of the theory preserves only 
6 supersymemtries, and therefore corresponds to an A/" = 3 theory in 2+1 dimensions. 
This reduction in the number of supersymmetries when compared to the sigma model 
was argued in [6] to be due to the higher order fermionic interactions not captured by 
the sigma modeP. We then use the BPS equations derived from the sigma model to 
determine the fraction of supersymmetry preserved by the membrane lumps in M theory. 
The results of the paper are summarised in Table 1. We note the discrepancy in the 
supersymmetry preserved by the lumps as seen from the sigma model analysis and from 
the probe M2-brane perspective. 

It is natural to ask why we expect the BPS equations derived from the sigma model 
to be valid in M theory. Lumps on the membrane correspond to intersections with other 
membranes wrapping Kahler calibrated 2-cycles. The full M theory equations describing 
the lump will be those that determine such a calibrated surface. A Kahler calibration 
however, is fully determined by linear first order differential equations, and we expect 
to be able to trust the sigma model to this order. For other calibrations, the sigma 
model agrees only to linearized order [4]. In section 5 we conclude with a summary of 
these results and some comments on a Hanany-Witten dual version of the configurations 
considered here whose low energy effective theory is a gauge theory in (2 + 1) dimensions 
with either A/" = 4 or AA = 3 depending on whether the HKs manifold a direct product 
HK4 X HK4 or not. 

2 HKs manifolds 

In this paper we will consider a sigma model with a toric eight dimensional hyper-Kahler 
target space. These manifolds have the metric 

= U^^dX"' ■ dX^ + C/"^(d(^a + ^a)(rf</?/3 + Af,) , (5) 

where a,/3 = 1,2, X°^ = {X,Y), = (</',V')) f^a/S is a matrix of funxtions of X and 
Y and Aa = {A, B) is a doublet of one forms. This metric admits a triholomorphic 
action generated by the two Killing vector fields ^ and and admits the triplet of 
Kahler two-forms 

n = [dipc. + Aa)dX°' - ^UapdX" X dXf^ , (6) 
^ We note that an A/" = 3 sigma model is automatically jV = 4 [7] . 
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where the wedge product of forms is understood. Without loss of generality, we take 

[ U W \ 

^<^P=\W V ) ' (7) 

where U,V and W are functions of the six coordinates {X,Y). The inverse matrix 
(C^"^)a/3 is given by 

iu-'U = {uv-w^)-'^^^ (8) 

The 1-forms A and B satisfy certain conditions analogous to the usual V x A = ±V?7 of 

HK4 manifolds which ensure that (5) is Ricci-flat. These conditions will play no part in 
what follows, so we refer the reader to [8] for details. Therefore the most general form of 
the metric for a toric HKg manifold is 

ds^ (HKg ) = UdX ■ dX + VdY ■ dY + 2WdX ■ dY 

+ {UV - W'^)-'^ {V{dip + Af + U{dtp + Bf - 2W{dip + + B)) (S) 

For future use we also explicitly write down 

Jl(3) =VipAdX3+AijAdY3-UdXiAdX2-VdYiAdY2-W{dXiAdY2+dYiAdX2), (10) 

where we have introduced the "covariant" derivatives 

Vip = dip + A, Atlj = dil> + B. (11) 

Generically, when W 0, the manifold with metric (9) will have holonomy Sp2- The 
32 component SO{10, 1) Majorana spinor of eleven dimensions will give 6 5*^2 singlets 
when decomposed in terms of its Sp2 subgroup, as we shall check explicitly in section 4.1. 
However when 1^ = the HKg manifold becomes the direct product HK4 x HK4, and 
the holonomy is accordingly enhanced to 5*^1 x Spi. When this is the; case, the eleven 
dimensional spinor decomposes to give 8 singlets of this subgroup. It will be convenient 
in what follows to set the function W to be a non- vanishing constant, so from now on we 
set it to A. This ensures that the proceeding discussion applies, and allows us to choose 
a gauge in which the different U{1) connections Ai can be set to zero, such that the 
covariant derivatives become the usual partial derivatives. 



3 The sigma model approach 
3.1 The model and the BPS equations 

We wish to study the effective (2 + l)-dimensional sigma model describing the fluctuations 
of an M2-brane. The Lagrangian is 

jC = ri'^di^^^^'GAB , (12) 

where = (X, (p, Y {A, B ^ 1, . . . , 8) and i,j = 0, 1, 2 and Gab is given by (9). The 
metric (9) allows two SO{3) actions, each acting on one of the sets {X,(p) and (Y,il;). 
In both cases the angular variables transform in the trivial representation, whereas X 
and Y transform in the 3. In the Lagrangian (12) however, when A 7^ the term from 
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the metric involving 2XdX ■ dY breaks this to the diagonal SO{3). The energy density 
associated to the Lagrangian (12) is 

£ = U\Xf + U\VXf + V\Yf + V\VYf + 2X\X ■Y\ + 2X\VX -VYl 

+{UV - A^)-^ [V{Vt^f + V\V^f + UiAtijf + i7| AVp 

-2X{Vtip) ( At V) - 2A(X><^ • AV)] , (13) 

where V = (81,82) and the covariant derivaties defined in (11) have been used. We will 
now choose a two-centered form for the harmonic functions U{X) and V{Y) 

and a similar expression for V{Y) with two centres ed, Y = ±613, where the hats denote 
unit vectors. For this choice of functions, and any other functions with colinear centers, 
the metric (9) (with W = X) has two additional Killing vector fields which generate 
rotations around the X3 and Yt, axes. This breaks the S0{3) isomctry in the X- and 
1^-planes to SO (2). The fields will decompose into representations of these subgroups, 
and in particular 3 ^ 2 ® 1. We will now study the truncated model in which we only 
keep the SO{2) singlets. Such truncations arc always consistent, that is, solutions to the 
truncated models will automatically be solutions to the full model with the other fields 
set to zero. This is easy to see by considering that every term in a Lagrangian must 
transform trivially under a symmetry tranformation. Therefore any term which couples 
a singlet and non-singlet fields must contain at least two of the latter. 

The truncated model has non-trivial fields </?, tp,Xs,Y3 and from now on we will write 
the last two as X and Y for simplicity. This model has a U{1)l x U{l)ii symmetry, which 
is again further broken to the diagonal C/(l) when X^ 0. It constitutes a truncation to a 
Kahler model with metric 

rfs^ = UdX'^ + VdY^ + 2XdXdY + {UV - A^)"^ {Vdip'^ + Ud^j"^ - 2Xdifd%p) , (15) 

and Kahler two form 

Q. = d^AdX + dil}AdY . (16) 

The energy density becomes 

£ = U{{d^Xf + {d2Xf)+V{{d^Yf + {d2Yf)+2X{d^Xd^Y + d2Xd2Y) 
+{UV - a2)-i [V {{dwf + {d2^f) + U ((^1 V)' + (52V)') 
-2A {diifdiip + d2ipd2ilj) ] . (17) 

Remarkably, it is now possible to write (17) as 

£ = u(^diX + U-'d2'p+^diY^ +U (^d2X -U-^diip+^d2Y^ 

\ 2 



2 



+ V \ d2Y-V~^\ Trditb-l rij^W 

\\ UV yuv-x^'^ ^uviuv-x') 7 

+2{d2Xdi<f - diXd2<f + d2Ydi^p - diYd2^p) , (18) 

that is, as a sum of squares with positive coefficients phis a topological term given by 
the pull-back of the Kahler two form (16) onto the worldvolume. A very similar form 
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corresponding to interchanging X and Y can also be written down, though as will become 
evident underneath, it will lead to the same soliton equations. We therefore expect the 
existence of solitons, whose explicit solutions are given by the vanishing of the positive 
semi-definite terms and which are supported by a topological charge, which in this case is 
the pull-back of the Kahler 2-form (10) of the truncated model. The linear BPS equations 
may be written as 

0.Y = Tf^o^^^Tf^o^^- (19) 

Any solution to these equations will correspond to a two-dimensional, surface embedded 
in four dimensions and will be a solution to the full eight dimensional hyper-Kahler sigma 
model. 

We also note that when A = we obtain two sets of the usual lump equations as 
written in [3]: 

d^X = ~U-^d2ip d2X = U-^diip 

diY = -V-'^d2tp d2Y = V-'^diij . (20) 

It is reassuring to check that the 2-surface described parametrically by (19) is cali- 
brated, that is to say, that its volume form V is equal to the Kahler 2-form fl, given by 
(16). To evaluate V on the 2-surface wc simply need to pull-back the metric (15), which 
we denote by G/j, onto the 2-surface using the lump equations (19), to obtain the induced 
metric 'jab- 

dX^ dX-' 
da" da'' 

where X^ = {X, Y, (p, ip). Performing this calculation we find that: 



^ab= ^. Gij, (21) 



711 = 722 = M 

712 = 712 = , (22) 

showing that 

- det(7) = |0p . (23) 



3.2 Sigma model supersymmetry 

As stated in the introduction supersymmetric sigma models have at most eight super- 
charges. Therefore all supersymmetric sigma models can be obtained from a 'maximal' 
Af — I model in 5 + 1 dimensions via dimensional reduction. Wc regard the M ~ 4 
(2 -|- l)-dimensional model (12) we are considering as being obtained from the maximal 
one by performing three trivial dimensional reductions. 

The conditions for a bosonic solution to a sigma model to be supersymmetric can be 
derived by requiring that the supersymmetry variations of the fermions vanish. For the 
target spaces considered here, the condition was derived in [9] to be 

[7"r-a„X"+z[/"V2?r„^/3]e = 0, (24) 
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where the 7™ are D = 6 Dirac matrices and the spinor e satisfies the chirality constraint 

(25) 



and therefore has, a priori, 8 independent real components. The number of solutions to 
(24) will be the number of unbroken supersymmetries. Substituting the explicit form U"^ 
which we are considering into (24) we obtain the pair of equations 



iV 



UV - A2 
iX 



T^{YdiY + j'd2Y) 



UV-X^ 

iU 



UV-X^ 
iX 



UV-X^ 



0. 



(26) 



Now, substituting the lump equations (19) into (26) imphes that (26) is satisfied provided 
the projector 

ir^j^^e = e (27) 

is imposed on the spinor. This is the usual lump projector: it is traceless and squares to 
the identity and as it commutes with 'y0i2345^ halves the number of components of e. 
There are therefore 4 solutions. We note here that solutions to (20) in the A = case also 
preserve the same amount of supersymmetry. 



4 M theory Supersymmetry 

In this paper we consider an M2-brane as a probe brane in the spacetime 

ds?id = ds2(]E(i,2)) ^ ds'^i'RKs) , (28) 

which is a Ricci flat solution of eleven dimensional supergravity, where ds'^lHKg) is the 
metric (9) with W = X. 

Let us now consider a (bosonic) probe brane in this background. The global fermionic 
symmetries of the background will act on the membrane fields, and in general a solution 
will not be left invariant by these transformations. The condition for the brane to be 
supersymmetric is that there should exist a K-symmetry transformation that combines 
with the global fermionic symmetries to leave the fields invariant [10], [11], [12]. 

In this approach the brane does not backreact. It was noted in [12] that considering 
backreacting branes does not impose any additional constraints on supersymmetry, that 
is, that a spinor will satisfy the Killing spinor equation if and only if it generates an 
appropiate K-symmetry transformation on the worldvolume, as described above. 

4.1 Covariantly constant spinors in toric HKg manifolds 

Before proceeding we need to determine the conditions imposed on the covariantly con- 
stant spinors of the metric (28). As explained in the appendix, where wc also describe 
the gamma matrix conventions we use, wc write an 5*0(10, 1) Majorana spinor e as 

e = x{<jl^v{X^), (29) 

where x is an anticommuting, 50(2, 1) spinor, and ry is a commuting, 5*0(8) spinor. The 
condition that e should be covariantly constant with respect to the metric (28) implies 
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that T] should be covariantly constant on the HKg manifold [8] [13]. We introduce a 
vielbein 



V 



-) [{dip + AidX') - XV-\d^p + B^dY")] 



(30) 



where i = 1,2,3 labels the X coordinates, a = 1,2,3 labels the Y coordinates and 
K = UV — . Killing spinors of (9) will be independent of the the coordinates ip and tp 
[8]. This gives us the following conditions on the Killing spinors: 
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KT^XiX2X3 + ^vUVrxiYi — ^^Xi(p{vKTx3Y2 + ^^Y2Y3 — vifr^sys) 

A -• 



V 



: 7? 

11- 
(31) 



The explicit form of the Killing spinor can be determined by looking at the other com- 
ponents of the covariantly constant spinor equation, and we do so here for completeness. 
For A = the Killing spinor is in fact constant. For A 7^ we obtain from VxiV = the 
condition 

_2tan-i ( ^ j (fx,n + f + fxsFs) 



r] = exp 



(32) 



whereas from the covariant derivative Vy„ 77 = we obtain 

= exp -2tan~^ I j fc^^ 



Vo ■ 



These are consistent if and only if 



(33) 



(34) 



This condition must be imposed on rjo apart from those arising from (31). 

We can now determine the number of independent components of the Killing spinor 
preserved by (31). First of all we note that when A = (and K = UV) these simply 
yield T^YiY2Y3V = ^ipXiX2X3'r] = rj, which commute and therefore preserve 4 of the sixteen 
supersymmetries in 8 dimensions. To analyse (31) for A 7^ we can choose a representation 
for the 5*0(8) Dirac matrices as explained in the Appendix. It is then possible to check 
that the conditions (31) preserve three independent components of rj in the generic A 7^ 
case, as expected for a manifold of 5^2 holonomy. We label these three independent 
solutions ?7(i) where i = 1,2,3. A general covariantly constant spinor of the metric (28) 
can therefore be written as 

^ = ^^0'si (Xs ?7(i) ) , (35) 



where s = +,-, x+ 





^ 1 ^ 






x+ = 


. ; 


,%- = ( 





and Usi are six arbitrary constants. 
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4.2 Supersymmetry analysis 

As described at the beginning of the section and explained in [10], [11], [12], the M theory 
condition for a bosonic M2-brane solution to be supersymmetric is that there exists a 
worldvolume K-symmetry transformation of the form 

r^e = e , (36) 

where e is a covariantly constant spinor of the background normalised such that e^e = 1, 
and where 

r« = ^^e'^'^diX^djX^dkXPTMNP . (37) 

The dimension of the space of solutions to (36) is then equal to the number of unbroken 
supersymmetries. The conventions for the gamma matrices are explained in the appendix. 
After choosing the physical gauge we can write (36) as 

=(l- rdiX^TA - ^r^diX^X^'TABj r*e , (38) 

where T^, = T(,i2- Equating powers in dX, the zeroth order condition 

e = e (39) 

can be rewritten using (50) and (51) as 

(7012 O f 9) (x O 7?) = (x O v) (40) 

where we see that 7012X = X) which is trivial, and that rj is chiral in the eight-dimensional 
sense and has therefore eight independent real components. This condition defines the 
vacuum of the theory. As it happens, the chirality constraint on 77 is automatically satisfied 
by solutions to (31) as can be checked again by using the explicit representation mentioned 
above. Therefore, (31) are the conditions which determine the supersymmetry preserved 
by the vacuum of the theory, namely it preserves ^ of the 32 M theory supersymmetries. 
To first order equation (38) reads 

rdiX^TA e = . (41) 

Before wc study the implications of (41), we will show that this condition implies that 
the full equation (38) is satisfied. By iterating (41) we obtain the relations 



W'~9^Jre, (42) 
where we have defined gij = diX^djX"^ gij. These relations and the expansion 

det(-5) = 1 + rt''~9i3 + \{ri''~9iif - ^v'' v''" ~9ik~9jp (43) 

for the determinant appearing in (38) are all that are needed to establish that studying 
the condition (41) is sufficient to ensure supersymmetry. This is the statement that the 
equations defining a Kahlcr calibration arc linear and first order in derivatives. This is 
not true for other calibrations [14], although equation (41) will still reproduce these to 
first order [4]. 



r^d.x'^djX^rABe = 

r^'^diX^X^dkX^TABce = 
2r)'^r)''Pg,kgjpe = 
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We can now proceed to understand the implications of (41). To do so, let us introduce 
a vierbein for the metric (15) 



V V" f , A 



dip - — # 



uv-x^j V V 

V-^/'^dti) , (44) 



and use it to write the curved Dirac matrices in terms of the tangent space ones Ta = 
(Fxg , Ty-g , , ) , where we have introduced the subscript 3 to make a direct comparison 
with section 4.1. Using this notation and the new lump equations (19), the condition (41) 
implies the following two projectors 

(af^f^ + f^Vuvty, - r'^Vuv - A^r^) e = o 

(aF^Fv, - T^VUVTx, + T^VUV - A^F^) e = 0. (45) 
We can write these succintly as 

(r-'^^Fy-j^ coshr + r^;p sinhr) e = e 

(F^^Fxa-^coshT + r^^sinhr) e = e, (46) 
where the parameter r is defined by 

coshr = VUV _ sinhr = = . (47) 

VUV - A2 y/UV - A2 ^ ^ 

It is now possible to use the explicit representation (51) to impose the conditions (46) 
on the general form of the covariantly constant spinor (35). On doing this it is easy to 
check that only two of the arbitrary constants Qgi remain independent, signifying that 
general solutions preserve two supcrsymmctrics. We may ask ourselves whether a subset 
of the solutions to the equations (19), for example, whether setting Y = identically, 
may preserve more supersymmetry, but it can be checked that this is not the case. 

It is possible to run through the same argument in the A = case. In this case the 
equations satisfied by the lumps are (20) and the projector (41) imposes the conditions 

r^^Fyg^ e = e 

r^^Tx.^e = e. (48) 

These commute between themselves and with the other conditions imposed on the covari- 
antly constant spinors in this case. We note that we can have solutions where only one of 
the pairs {X3, ip) or {Y3,ip) is non-zero. This would be a solutions with two active fields. 
From the point of view of the sigma model, all solutions, with either two or four active 
fields, preserve four supersymmetries. This is not the case in the context of M theory, 
where only solutions with two active fields preserve four supersymmetries and solutions 
with four active fields preserve only two. 

A summary of the results is presented in Table 1 displayed in the Introduction. 
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5 Conclusions and Discussions 



We summarise the results of the paper as follows. We studied a (2 + l)-dimensional sigma 
model with an HKg target space and derived the BPS equations that must be satisfied 
by lump solitons. The sigma model seemed to suggest that solutions to these equations 
preserve 4 supersymmetries. We then analysed the membranes as probes in the M theory 
background (28). We checked explicitly that the vacuum of the theory generically has less 
supersymmetries than the sigma model, and that solutions to the lump equations, which 
we expect to hold in M theory preserve only two supersymmetries. 

The setup considered here of an M2-brane in the background (28) is dual to a Hanany- 
Wittcn configuration [5] in which the D3-branc suspended between an NS5-brane and a 
{p, g)-5-brane [16, 17] (the choice of = A is constant is necessary for this duality). The 
effective field theory on the D3-brane is a (2, l)-dimensional gauge theory. When the 
HKg = HK4 X HK4 this dual theory will also have A/" = 4 supcrsymmctry. but for generic 
HKg, that is, when A ^ 0, this theory will include a Chern-Simons term that will preserve 
only Af = 3. In fact, we expect the lumps studied above to correspond to vortices in such 
a model, and following the results in this paper, we expect such vortices to preserve ^ of 
the 6 supercharges, in agreement with [18, 19]. 

Acknowledgements: The author would like to thank Tibra Ali, Sean Hartnoll, Carlos 
Niinez, Guillermo Silva, David Tong and especially Paul Townsend for useful discussions 
and Trinity College, Cambridge for financial support. 

A Gamma matrix conventions 

Throughout we take the 11-dimensional Dirac matrices to satisfy the Clifii'ord algebra 

{TM,rN}^2GMN- (49) 

Following the decomposition 

50(10, 1) ^ 5*0(2, 1) X 50(8) (50) 
we can write these in tensor product form as 

Tm ^ {r^,T a) = h^^r^,l^r a), (51) 

where M = 0, . . . , 9, t] (t] denotes the 11-th dimension), z = 0, 1, 2 are the worldvolume 
directions and A = 3, . . . , 9, l| the HKg directions. The 7, are a representation of the 
50(2, 1) matrices given explicitly by 

'yo=[\ I) 71 = ( ? J ) T2 = ( J ) , (52) 

and the T are a representation of the 50(8) gamma matrices. We take this to be the 
representation described in an appendix to Chapter 5 of [15] which is real. is the 
chirality matrix in eight dimensions, defined by = Tpj Fti] and satisfying (F^)^ = 1 
and {F^, F^} = 0. This ensures that the product of all the 11 dimensional Dirac matrices 
is the identity. 

Following (50) we can write an 11-dimensional spinor e as 

e = x(<7')®r?(X^). (53) 

The charge conjugation matrix in the 11-dimensional representation (51) is given by Fq. 
As usual the spinor e satisfies a Majorana condition in 11 dimensions which requires it to 
be real and therefore have 32 independent real components. 
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